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SECTION 1 

S U MMAR Y 

Objectives 

The contract "Study o f  the Liquid-Sol i d  Transition for  Materials 
Processi ng i n Space" has two primary objectives : 

1 .  To analyze the behavior of  dense liquids near the sol idif icat ion 
point while the l iquid i n  question i s  under the influence of 
magnetic f ie lds  or near-zero gravity conditions , and 

2 .  

These objectives have been accompl is hed, and th i s  report presents the 
resul ts  obtained thereby. 

to do th i s  within the framework of existing l iquid s t a t e  models 
and classical  f i e ld  theory. 

Ap proa c h 

The approach taken to  this study began by d e f i n i n g  four tasks: 

Task 1 - Model Identification and Assessment 

Task 2 - Determination of Alternate Approach(es) as Required 

Task 3 - Incorporation of Models into Field Theory and Thermodynamic 
Property Derivation 

Task 4 - Analysis of Convection, Diffusion and R-F Field Effects,  

The models and approaches identified in Tasks 1 and 2 were combined 
formally w i t h  classical  f i e ld  theory i n  Task 3 .  
equations derived were used to  qual i ta t ively analyze the e f fec ts  
which external f ie lds  have on dense l iquids .  

Liquid models are concerned primarily with 1 iquid s t ructure  (thermodynami c 
properties) or  1 i q u i d  transport properties. 
considered are generally d i f f u s i o n  coefficients,  viscosity ( f l u i d i t y ) ,  
nucleation ra te  and crystal growth ra te .  
from f i r s t  principles i s  the purpose of the mdels .  However, these 
quanti t i e s  by themselves do not en t i re ly  describe 1 i q u i d  transport ,  
particularly convection, 
transport theory and convection i n  a magnetic f ie ld  i s  described by 
magnetohydrodynamics (MHD)  which i s  a combination of Bo1 tzmann transport 
theory and classical  f i e ld  theory. 
theory that  i s  required t o  discuss dense l iquid behavior i n  a magnetic 
f i e ld  was the function of Task 2. The models do contribute t o  MHD 
analysis t h o u g h ,  by providing an equation o f  s t a t e  for the l i q u i d  and 
by deriving parameters such as viscosity,  heat capacity and magnetic 
permeability w h i c h  are important constituents o f  the MHD equations. 

In Task 4 ,  the 

The transport  properties 

Calculation of these quanti t i e s  

Natural convection is  described by Bo1 tzmann 

Determination of the form of MHD 

1-1 
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Approach (Continued) 

Field e f fec ts  on diffusion were discussed i n  terms of the Free Volume 
Model description of diffusion coefficient and crystal growth rate aug- 
mented by the defining equation for isothermal compressibility. This 
equation relates  the change in l iquid volume to  the external f ie ld-  
induced pressure change i n  the 1 i q u i d .  Gravitational pressure changes 
between the ea r th ' s  surface and earth o rb i t  were derived as were magnetic 
pressure changes i n  the 1 aboratory . 
Results 

A thorough search of the l i t e r a tu re  identified thir ty-s ix  independent 
l iquid s t a t e  models plus a t  l eas t  s i x  models based on the Distribution 
Function approach t o  l iquid s t a t e  theory. 
t r ea t  limited aspects of the l i q u i d  s t a t e .  
explain a few liquid properties ( i n  some cases, only one .1; rather than 
describing the ent i re  l iquid s t a t e .  Those models which do t r y  t o  explain 
a large number of liquid properties are s t i l l  being tested by the sc i en t i f i c  
community against experiment t o  ascertain the i r  accuracy and the range of 
parameters t o  which they are applicable. 

The Free Volume Model (see Section 2 .1 )  was selected as the best of these 
models on the basis of i t s  simple view of l iquid structure combined w i t h  
successful prediction of 1 iquid transport properties, and i t s  derived 
capabili ty for  explaining thermodynamic properties. 
Solution Model was selected for  description of two-component ("doped") 
l iquids while the Curie Law of paramagnetism was chosen to  describe the 
magnetic permeability of l iquids.  

"Backup" model s determined t o  have possible appl i cation t o  mater1 a1 s 
processing probl ems i ncl ude : 

Si gni f i cant Structure Theory (1 and 2-Component Model s ) 
Onsager Diel ec t r i  c Theory 
Kaiser & Rosenwei g Ferrofl uid Model 
Kuhl mann-Wi 1 sdorf Model 

Most of the thir ty-s ix  models 
T h a t  i s ,  the attempt to  

The Guggenheim Di 1 Ute 

Ookawa Model 
Tong Model 
Walls and Upthegrove Model 
S heres hef s ky Model 
Two Structure Model 
Widom Model 
Central Atoms Model 
Ki rkwood Diel ec t r i  c Theory 

1-2 
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- Results (Continued) 

These are  described i n  varying detai l  i n  the Task 1 report ,  A Summary 
of Liquid State  Models for Materials Processing i n  Space (Reference 1 ) .  
The remaining 20 models were considered not sui table  for  materials 
processing problems for  one or more of the following reasons: 

1 .  the model i s  grossly inaccurate when compared with experiment, 
2 .  the model i s  not yet  suf f ic ien t ly  developed, 
3 .  the mathemati cal description of the model invol ves extremely 1 arge 

sums o r  products 
which cannot be performed analytically,  

the scope of this study. 

terms) or requires other calculations 

4 .  the model i s  designed for  special applications which are  outside 

T h u s  , several models are required to  describe dense 1 iquid phenomena, b u t  
these models compliment each other i n  creating a basis for  materials 
processing in space research. I t  should be noted tha t  the need for  
several models (or  approximations) would have been the same had the 
Distribution Function approach (Reference 1 ) been chosen , since a1 1 
approaches to  describing the l iquid s t a t e  are imperfect a t  present. 

In Task 3, the f ive  simultaneous equations of magnetohydrodynamics were 
specialized to  the case of a dense liquid in the transverse f i e ld  of a 
1 aboratory magnet. 
par t i t ion functions of the Free Volume Model and the Guggenheim Madel, 
and the distribution of eddy currents i n  a conducting l iquid w i t h  a l t e r -  
nating magnetic f i e l d  was calculated. 
for the velocity and distribution function of diffusing molecules were 
found, though solutions to  these equations were not obtained. Finally 
the expl ic i t  mathematical form of the magnetic f ie ld  due to  a laboratory 
electromagnet was determined. 
f ie lds  i n  terms of spatial  coordinates i s  required to  calculate vector 
derivatives of the f i e lds  (on which the magnetic forces depend). 

Thermodynamic properties were derived from the 

Also, time-dependent equations 

T h i s  expl i c i  t representation of magnetic 

The magnetic f i e ld  effects  on l iquids are  rea l ly  of three types: 
and dynamic body forces and eddy current e f fec ts .  Since the materials o f  
in te res t  i n  th is  contract (group I11 and group V elemenFs an! t he i r  
compounds) are paramagnetic and conducting (a - l o 3  ohm- cm- ) , the 
s t a t i c  body forces are completely negligible compared to  the dynamic 
effects .  
the l iquid w i t h  velocity u i n  the presence of a s t a t i c  magnetic f i e l d ,  
while the eddy current force i s  present only+wheg the f igld changes i n  
time. 
induction i n  the l i q u i d .  

In the dynamic case J=v x H ,  while i n  he case of eddy currents , J i s  

can i n  principle be arranged so tha t  the magnetic body force opposes 

s t a t i c  

The dynamic body force ar ises  from the convective motion of 

Both these forces depend on the term J x 6 where B i s  the magnetic 

+ +  -f -f 

proportional to the time derivative o f  i . In e i the r  case, the f ie lds  

1-3 
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Results (Continued) 

the convective flow caused by gravitational body forces. 
actual laboratory configuration which successfully el iminates or 
drast ical ly  reduces convection may be extremely d i f f i c u l t  t o  achieve 
because of the f i e l d  geometry and f i e ld  strength required. 
the f ac t  that  the region which the magnetic f i e ld  occupies i s  limited 
in extent also l imits  the usefulness of this technique for materials 
processing. In earth orbit ing laboratories,  magnetic f ie ld  strength,  
geometry and extent considerations are of course not required to 
reduce convection. 

However , the 

Furthermore, 

The analysis of f i e ld  e f fec ts  on diffusion ( w i t h i n  the framework of 
the Free Volume Model) yields the interesting resu l t  tha t  application 
of a magnetic f i e ld  o r  removal of a gravitational f ie ld  will increase 
the ra te  of crystal growth from an undercooled melt. 
under which th i s  occurs, and the different  methods used t o  derive th i s  
resu l t  are  discussed in detail  i n  Section 2 . 3 .  
the effects  which magnetic and gravitational f ie lds  have on volume, 
viscosity and temperature, one can use several models to predict t ha t  the 
diffusion coefficient will increase w i t h  an increase in magnetic f i e ld  
or  a decrease in gravitational f i e ld .  The Free Volume Model then 
predicts t h a t  growth ra te  increases w i t h  increasing diffusion coefficient 
and decreasing Gibbs free energy. 
been observed in the laboratory by Schieber (see Section 2.3). 

The conditions 

Actually, by knowing 

T h i s  increase i n  growth ra te  has 

Although the equations which predict the increased growth ra te  a re  similar 
i n  both the magnetic and gravitational cases, this provides only a formal , 
qual i ta t ive comparison. To determine which case would predict the most 
s ignif icant  increase, and to  compare the magnetic case t o  Schieber's 
resu l t s ,  quantitative calculations are required. T h i s  also involves 
improved understanding of the way free volume is  distributed i n  1 iqu ids  
and more accurate determination of some of the Free Volume Model parameters. 

Conclusions and Recommendations 

The major conclusions to be reached from th is  study are:  

1 .  the Free Volume Model i s  the most practical model for use i n  the 
study of materials processing i n  space, 

2. other models (suggested i n  Reference 1)  are required to  deal w i t h  a 
wide variety of dense 1 i q u i  d problems, 

3 .  both magnetic f ie lds  and low gravity conditions will praduce an 
increase i n  diffusion coefficient which will r e su l t  i n  a increased 
growth ra te  of a c rys ta l ,  

laboratory magnetic f ie lds  and low-gravity conditions produce quali- 
t a t ive ly  similar resul ts  ( i  .e. , pressure terms) w i t h  respect t o  
inhibition of convection and enhancement of diffusion, 

4. 

1-4 
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Conclusions and Recommendations (Continued) 

5. t ime-vary ing magnetic f i e l d s  induce eddy cu r ren ts  i n  t h e  l i q u i d  which 
produce body forces and tend t o  d i s r u p t  convect ion,  

6. much q u a n t i t a t i v e  and experimental comparison i s  needed before the  
r e l a t i v e  m e r i t s  o f  ground-based magnetic f i e l d  techniques and space 
processing can be ascertained, 

7. t h e  space environment prov ides a p e r f e c t  " textbook"  l a b o r a t o r y  f o r  
t he  s tudy o f  those aspects o f  t he  l i q u i d  s t a t e  which a re  n o t  y e t  
understood, because i n  space the  g r a v i t a t i o n a l  p e r t u r b a t i o n  (so  
o f t e n  ignored i n  l i q u i d  s t a t e  theory)  i s  n o t  present.  

Thus, i t  i s  seen t h a t  t h e  behavior  o f  dense l i q u i d s  i n  space and t h e i r  
behavior under the  i n f l u e n c e  o f  magnetic f i e l d s  a re  f o r m a l l y  q u i t e  
s i m i l a r .  But  t h i s  does n o t  i n d i c a t e  which o f  t he  two environments i s  
most p r a c t i c a l  f o r  a c t u a l  m a t e r i a l s  processing. Determinat ion o f  t he  
most p r a c t i c a l  environment w i l l  r e q u i r e  a q u a n t i t a t i v e  assessment o f  
f i e l d  geometries and f i e l d  s t rengths requ i red  t o  completely o f f s e t  
g r a v i t a t i o n a l  e f f e c t s .  Th is  assessment should be performed f o r  a 
number o f  r e a l i s t i c  m a t e r i a l s  processing s i t u a t i o n s .  

Before c a l c u l a t i o n s  o f  t h i s  na tu re  can be performed however, a g r e a t  
deal o f  l i q u i d  parameter data must be obta ined f o r  each m a t e r i a l  o f  
i n t e r e s t .  Parameters r e q u i r e d  i nc lude :  e l e c t r i c a l  c o n d u c t i v i t y ,  
magnetic Reynold's number, magnetic pe rmeab i l i t y ,  thermal d i f f u s i v i t y ,  
v i s c o s i t y  , average dens i t y  , c h a r a c t e r i  s t i  c convect i  ve f 1 ow vel  o c i  ty  , 
Lennard-Jones p o t e n t i a l  parameters, hard sphere molecular  diameters and 
l i q u i d  P-V-T data. Obta in ing these parameters f o r  l i q u i d  m a t e r i a l s  o f  
i n t e r e s t  w i l l  be a major task and should begin as soon as p r a c t i c a b l e .  
I t  i s  a l s o  recommended t h a t  c a l c u l a t i o n s  be performed u t i l i z i n g  t h e  
equations o f  Sect ion 2.3 t o  determine q u a n t i t a t i v e l y  the  r e l a t i v e  e f f e c t s  
o f  low g r a v i t y  and magnetic f i e l d s  on d i f f u s i o n  and s o l i d i f i c a t i o r b  r a t e  
i n  dense l i q u i d s .  
resu l  t s  o b t a i  ned exper imental  l y  by Schi eber. 
t h a t  a number o f  space experiments be de f i ned  and i n i t i a t e d  t o  measure 
dense l i q u i d  thermodynamic and t r a n s p o r t  p r o p e r t i e s  under l o w - g r a v i t y  
cond i t i ons .  S p e c i f i c a l l y  these p r o p e r t i e s  should i n c l u d e  temperature, 
pressure, volume, i n t e r n a l  energy, Gibbs f r e e  energy, enthalpy,  entropy, 
d i f f u s i o n  c o e f f i c i e n t  , v i s c o s i t y  and s o l  i d i f i c a t i o n  r a t e .  

These c a l c u l a t i o n s  should a l s o  be compared t o  the  
F i n a l  l y  , i t  i s  recommended 
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SECTION 2 

ANALYTICAL RESULTS 

2 .1  A REVIEW OF LIQUID STATE MODELS 

There are two analytical approaches available for  the study o f  the liquid 
s t a t e :  the Distribution Function approach and the Liquid Model approach. 
The Distribution Function approach i s  the more rigorous of the two, b u t  
often i t s  mathematical formulation involves integral equations or other 
computations which cannot be solved i n  closed form. Even when solution 
i s  possible, the resul ts  do not compare more favorably w i t h  experiment 
than do resul ts  obtained from the model approach. The Distribution 
Function approach is  particularly inaccurate in i t s  description of 
l iquids  near the liquid-solid t rans i t ion .  
models are available which are specif ical ly  designed t o  describe dense 
liquids near the liquid-solid t ransi t ion,  and which are constructed t o  
be mathematically more practical than  the Distribution Function approach. 
I n  addition, most models are based on combinations of experimental 
observations and simple assumptions which make them conceptually easy t o  
understand. For these reasons , the L i q u i d  Model approach i s  recommended 
for application t o  practical materials processing problems i n  the space 
environment . 

On the other hand, l i q u i d  

In general, d i f ferent  models describe different  l iquid properties. 
instance, some models describe thermodynamic properties while others 
describe transport or e l ec t r i c  or magnetic properties. A few models 
such as the Free Volume Model (as developed by Boeing) or the Significant 
Structures Model, address both thermodynamic and transport properties. A 
detailed discussion of liquid s t a t e  theory and liquid models is  contained 
i n  the Interim Report for Task 1 of t h i s  contract (Reference 1 ) .  
a brief review of liquid s t a t e  concepts, assumptions and models important 
t o  the study described by this report is appropriate here. 

Basic Assumptions 

The most important assumption i n  the study of l iquids i s  that  almost a l l  
the properties of a l iquid may be calculated from the interactions o f  
pairs of molecules, and that  contributions from "3-body'' or higher order 
interactions can be neglected. Equally important i s  the assumption t h a t  
these interactions are additive. Specifically,  i t  i s  assumed t h a t  the 
total  potential energy of a system of molecules is  given by: 

For 

However, 
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2.1 (Continued) 

where 4 i j  ( r i j ) i s  the potential energy between molecules i and j ,  which 
are separated by a distance r i j .  While i t  i s  obvious tha t  the force on 
a molecule i n  a liquid i s  due t o  the e f fec ts  of a l l  other molecules i n  
the l iquid,  the pair  approximation (equation 1 )  i s  necessary to  simplify 
mathematical analysis and has been justified by agreement w i t h  experiment 
i n  many instances. 

Thermodynamic and mechanical properties of 1 i q u i  ds are derived from a 
quantity called the par t i t ion function ( P . F . )  which has the form: 

= Z k Q ( N ,  v ,  T)  (2  1 
The f i r s t  factor ,  z , i s  the kinetic P . F .  which i s  derived from the 
motions of the indibidual par t ic les  in the l iquid.  
motion of the par t ic les  is  considered, the kinetic P . F .  i s  simply: 

If only translational 

3N 
-3N = A  

where T i s  absolute temperature, N i s  the number of par t ic les ,  k i s  
Boltzmann's constant, h i s  Planck's constant, m i s  the mass of one 
par t ic le  and X i s  the thermal wavelength. 

The second factor i n  equation 2 i s  called the configuration p a r t i t i o n  
function and i s  defined by the expression: 

(3) 

which i s  an integration over the three space coordinates of the FI part ic les  
i n  the system where @ i s  the total  energy o f  the system. As equation 1 
indicates,  for  real l iquids Q, i s  an extremely complicated function of 
coordinates. This i s  why many different  models of the liquid s t a t e  have 
been developed - t o  allow one to  calculate approximate expressions for  
Q(N,V,T)  from certain simplifying assumptions abou t  the liquid si tuation 
of i n t e re s t ,  which will then yield predictions about t h a t  si tuation which 
are reasonably accurate. 

An assumption usually made t o  evaluate equation 4 is  t h a t  a l l  $ij have 
the same form. Then equation 1 reduces t o :  

N 

i =1 
@ = c 4 ( r i )  

2-2 
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2.1 (Continued) 

where i now labels the distance vector, r . ,  between each pair  of molecules. 
In cell  models of l iquids i t  is assumed tha t  a l l  molecules are si tuated 
i n  ce l l s  defined by the i r  nearest-neighbors. 
ce l l s  are  assumed t o  be equal, t ha t  i s  ri = r 

The avera e r a d i i  o f  a l l  
so 7-7- t a t  Reference 2 ) :  

j ’  

This greatly simplifies the integration over coordinates and thus the 
configuration P .F .  i t s e l f .  
i s  not  known,  t hough  several approximate forms which are based on careful 
experimental observation are available. The most widely used o f  these i s  
the Lennard-Jones potential : 

Unfortunately, the correct form for  + ( r )  

where c i s  an interaction energy constant and CJ i s  a distance parameter 
equal t o  the value of the intermolecular separation, r ,  which makes 
Q, ( r )  = 0. 
the specific assumptions of  a given model, allow one t o  obtain approxi -  
mations for Q(N,V,T) .  

T h u s  the assumptions of  equations 5 ,  6 and 7 ,  coupled w i t h  

Finally, the thermodynamic properties of the liquid are obtained from 
the par t i t ion function by the following s e t  of equations: 

F R E E  ENERGY: F =  - kTln  Z (8) 

E = T (.?’e) 
V kT INTERNAL E N E R G Y :  

EQUATION OF STATE: A = (%) 
T 

s = 1 n Z +  T (y) 
V 

TI INTERNAL ENTROPY : 

ISOTHERMAL COMPRESSIBILITY: $ = - l[ kT ( P 1  av2)r]-1 n Z  
V 

(9) 
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2.1 (Continued) 

Once these basic fun t ions are known, a l l  
may easi ly  be found References 3 and 4 ) .  
will discuss the three models most applicable t o  the Liquid-Solid Transi- 
t i o n  Study. 

ther thermodynamic properties 
The next three subsections 

The Free Volume Model 

The Free Volume Model, which has been developed by Turnbull and Cohen 
(References 2 and 5-7),  i s  perhaps the most simple model of the l iquid 
s t a t e  which i s  a t  the same time r e a l i s t i c  i n  concept, practical in i t s  
mathematical formalism and reasonably accurate i n  i t s  predictions o f  
liquid properties. Development of this model has been motivated by 
observed 1 i qui d properties whi ch , re1 a t i  ve t o  sol i d  properties , appear 
t o  be strongly correlated with the corresponding volume differences The 
Free Volume Model makes no specif ic  assumption about molecular shapes, and  
thus leaves one free to  assume spherical shapes, or more r e a l i s t i c  shapes 
when considering polyatomic molecules, depending on the accuracy one 
wishes to  achieve. 

The basic assumption of t h i s  model i s  tha t  a liquid molecule i s  caged 
most of the time by i t s  nearest neighbors, and t h a t  within th i s  cage 
i t s  f ree  volume i s  defined by: 

V f  - - v -vo 

where v i s  the specific volume (or volume of the cage), V / N ,  and v 
the actual volume of the molecule. 
for  normal pressures th i s  dependence i s  negligible. I t  i s  also assumed 
t h a t  the potential energy of the molecule in i t s  cage i s  approximately 
equal to  the intermolecular potential ,  (P(r), which i s  chosen t o  be the 
Lennard-Jones potential , equation 7. The total  par t i t ion function for  
t h i s  model i s  then: 

i s  
vo i s  dependent on pressure, tRough 

If the procedure o f  equation 10 i s  used t o  derive the equation of s t a t e ,  
one finds for  the Free Volume Model : 

N kT 
pv = 1 -vo/v 
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2.1 (Continued) 

In order t o  evaluate the p a r t i a l  derivative,  we f i r s t  note t h a t :  

Further work w i t h  the Free Volume Model a t  Boeing has centered around the 
"lumped-parameter" assumption t h a t  the specif ic  volume i s  direct ly  pro- 
portional t o  the cube of the intermolecular separation with proportion- 
al i t y  factor ao: 

v = a0r3 * ( 1 7 )  

This allows complete evaluation of the p a r t i a l  derivative i n  equation 15 
t o  yield:  

where a = ao!No (No i s  Avogadro's number) and bo = ( 2 / 3 ) 1 ~  N003 .  
equation 18 i s  solved for  a2,  then: 

I f  

where W i s  the compressibility fac tor ,  PV/NkT. Thus a depends on temper- 
ature and pressure, b u t  because of the form of t h i s  dependence, the varia- 
t i o n  of a from a constant value (for  a given l iquid)  over certain ranges 
of T and P should be small. Table I gives a values and deviations for 
ten liquids over temperature and pressure ranges corresponding t o  the 
dense l iquid phase. 

Equation 18, then, i s  the equation of s t a t e  for the Free Volume Model, 
and i t s  accuracy i s  determined largely by the deviation o f  the a 
parameter over the range of T and P t o  which i t  i s  applied. Table I 
shows t h a t  t h i s  deviation i s  less  t h a n  20% for a l l  l iquids studied and 
i s  less  t h a n  1% for water. 
s t i l l  normal for theoretical predictions o f  dense liquid properties. 

A 20% inaccuracy, while not  desirable,  i s  
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2.1 (Continued) 
Since the derivative of intermolecular potential w i t h  respect t o  volume 
occurs often i n  calculating thermodynamic properties from the parti tion 
function, relation (17)  has allowed the derivation of 

2 2 2 

E 3 + 4€ 
[3a]'[+l p] -q INTERNAL ENERGY:  = 2- 

2 
A3 1 CHEMICAL POTENTIAL: 6 = I n  - t 

1 
-vo/v ENTHALPY: & = $ + 

The Free Volume Model t r ea t s  diffusion by assuming tha t  random density 
fluctuations can open holes in the cages o f  individual molecules which 
are large enough t o  permit the translation of a molecule across this void 
created within i t s  cage. 
redistribution of f ree  volume w i t h i n  the liquid rather t h a n  as the 
resu l t  of an activation in the ordinary sense (Reference 5 ) .  I f  the 
f ree  volume exceeds some c r i t i ca l  value, v*, then d i f fus ion  can take 
place, the d i f f u s i o n  coefficient being: 

T h u s  diffusion i s  viewed as the resu l t  of a 

where s i s  the r a t io  of the mean-free-path t o  the "instantaneous" f ree  
volume, u i s  the velocity of the molecule as i t  diffuses (taken to  be 
the gas kinetic velocity) and 6 is  an overlap factor ,  lying between 1 / 2  
and 1 ,  which accounts for  the f ac t  tha t  more t h a n  one molecule can have 
the same value of the free volume. 

Once the diffusion coefficient i s  known,  several other transport pro- 
perties become available. 
the diffusion coefficient by: 

First, the viscosity i s  inversely related t o  

2-7 
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2 .1  (Continued) 

- kT 
r l - -  3.rrRoD 

where R i s  the molecular diameter. Crystallization i s  characterized 
by two pate functions: 
nucleate, I ,  and the crystal growth velocity, uc .  

the frequency per u n i t  volume a t  which crystals 
These functions are: 

where: o1 i s  a parameter identified w i t h  the liquid-crystal surface 
tens ion, 

F i s  the f ree  energy o f  crystal l izat ion per volume, 

AG i s  the change in free energy a t  the crystal-melt surface, 

and f o  i s  the fraction of l a t t i c e  s i t e s  in the boundary t o  which 
molecules can be attached. 

S t r i c t ly  speaking, D' and D" are r a t e  constants from nucleation theory, 
b u t  Turnbull (Reference 2 )  finds tha t  t o  a good approximation, D " ,  D' and 
D can be considered identical . 
I t  should be noted t h a t  definit ions o f  the free volume other than equation 

combi nati on of the speci f i  c volume , whi ch i s a thermodynami c vari ab1 e , 
and some reference volume which i s  approximately constant. Therefore , 
since v can be calculated from handbook data for  various molecules, 
equatiofi 13 i s  probably more practical than the other definit ions.  
The c r i t i ca l  volume f o r  diffusion, v*, i s  n o t  real ly  specified by the 
theory. 
the molecular volume, v , so t h a t  calculations of transport and kinetic 
properties in the Free (aolume Model are greatly simplified. 

- The Guggenheim Dilute Solution Model 

In his c lass ic  book (Reference 1 2 ) ,  Guggenheim presents a general t r ea t -  
ment of the d i lu te  solution (or "doped" l iquid)  si tuation which leads to  
a simple parti t ion function for  the mixture when the P.F. for  the solvent 

13 do ex is t  (References 2 ,  7 and 1 1 ) .  However, they a l l  involve some 

B u t  i t  i s  found experimentally t h a t  the product, YV*,  i s  near 

. 
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2.1 (Conti nued) 

i s  known. The i n i t i a l  assumption i s  tha t  interactions between solute 
molecules can be neglected, so tha t  these molecules are  viewed as a 
perfect quasi-gas moving freely i n  a region of constant potential 
energy, x . xs depends on the nature of the solute ,  the nature of the 
solvent, ’and the temperature. The parti t ion function i s  t h u s :  

XS 
kT 1”s 1 ‘kS ’ e 

ZO Z = N , !  

where N i s  the number of solute molecules, z i s  the kinetic P . F .  for 
the solate  (including internal e f fec ts ,  as dekfred), and Zo i s  the P.F. 
for the one-component solvent. V i s  the t o t a l  volume, as usual. From 
equation 29,  the f ree  energy i s  simply: 

kSVe F = -kT I n  Zo - Nsxs - NskT l n  - . 
NS 

Differentiating F w i t h  respect t o  Ns yields the chemical potential for  
the solute:  

where N ,  i s  the number of solvent molecules and V ,  i s  the volume of the 
solvent. By u s i n g  the Gibbs-Duhem relation (Reference 1 3 ) ,  the chemical 
potential for the solvent i s :  

1-11 - No N 1  
- - +  I n  

kT k T  N, -+ N 
- -  

S 

where the subscript 1 refers  to  the solvent and the superscript o indicates 
a quantity for  the pure solvent substance. The importance of the chemical 
potentials a r i ses  from the fac t  that  i n  mixtures, the chemical potentials 
are identical t o  the partial  molar Gibbs potentials of the components 

This i s  useful for two reasons: 

( 1 )  i n  any reversible isothermal process (such as the l iquid - solid 
t rans i t ion)  the decrease i n  Gibbs potential i s  equal t o  the net 
work done by the system; and 
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2.1 (Continued) 

( 2 )  when a m i x t u r e  undergoes a f i r s t  o rde r  phase t r a n s i t i o n ,  t he  
e q u i l i b r i u m  d i s t r i b u t i o n  o f  t h e  substance s between the  two phases 
i s  determined by the  c o n d i t i o n  t h a t  p have the same value i n  each 
phase, s ince  equal Gibbs p o t e n t i a l s  i s  t he  c r i t e r i o n  f o r  phase 
equi 1 i b r i  um. 

Guggenheim considered o n l y  thermodynamic p r o p e r t i e s  o f  d i l u t e  mix tures i n  
h i s  model , and neglected t h e  t r a n s p o r t  p r o p e r t i e s .  However, several  o the r  
models (Reference 1) ,  i n c l u d i n g  the  Free Volume Model, p rov ide  d e s c r i p t i o n s  
o f  t r a n s p o r t  p r o p e r t i e s  o f  multi-component mix tures.  Thus o t h e r  models 
must be used i n  con junc t i on  w i t h  t h e  Guggenheim model t o  completely des- 
c r i b e  t h e  l i q u i d  system. 
which have been de r i ved  from the Guggenheim model (expressed i n  terms of 
t h e  pure s o l v e n t  f u n c t i o n s )  are:  

The thermodynamic f u n c t i o n s  f o r  d i l u t e  s o l u t i o n s  

F = F o - -  NS 

NlkT NlkT N1 [$+ In FREE ENERGY: 
N S V  

ENTROPY: 

E -  E o  Ns 3 INTERNAL ENERGY: - - - + - 
NikT N,kT N, [ 7 -  $ ] 

ENTHALPY : 

C v  = C { + - N k  3 
2 s  

SPEC1 F I C  HEAT: 

(34) 

( 3 7 )  

(39) 

The Cur ie  Law O f  Paramagnetism 

The Cur ie  1 aw o f  paramagnetism was discovered exper imen ta l l y  by P i e r r e  
Cur ie  i n  1895 and de r i ved  t h e o r e t i c a l l y  by Paul Langvin i n  t h e  e a r l y  
t w e n t i e t h  century.  
o f  t h e  molecular  magnetic d i p o l e  moments i n  the d i r e c t i o n  o f  an a p p l i e d  
f i e l d .  The r e s u l t  i s :  

m cos e = - 

Langevin's procedure was t o  d e r i v e  t h e  averaqe value 

m2Hi 

3kT (40) 
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2.1 (Continued) 

where H .  i s  the result ing internal f i e l d ,  e i s  the angle between the 
f i e ld  a?d an individual dipole, and m i s  the permanent dipole moment o f  
a molecule. 

The volume magnetization of the bulk material i s  obtained by multiplying 
equation 40 by the density, n .  
i s  then: 

The magnetic susceptability of  the material 

Once the suscept ibi l i ty  of a l iquid i s  known, the magnetic permeability i s  
g i v e n  by: 

!J = (1 + x,) 1-10 (42 1 

-+ 
where P O  i s  the permeability of f ree  space. 
which determines the force on a material in an external f i e l d ,  m, i s  
then related t o  the f i e ld  by: 

The magnetic induction, B y  

The Curie Law model i s  important i n  materials processing because a l l  
na tura l  l iquids ,  that  i s  those which are not suspensions of ferromagnetic 
powders, are paramagnetic or  diamagnetic, w i t h  most materials of in te res t  
i n  space processing being paramagnetic. 
whereas i t  is  i n v a l i d  for ferromagnetic material. 
a1 lows straightforward calculation of the effecLexterna1 magnetic f ie lds  
have on l iqujds.  
function of  H. In practical calculations, i t  i s  n o t  always necessary to 
make use of equation 41. Since x i s  on the order of fo r  para-  
magnetic materials ( - lom6 for diamagnetic materials) ,  i t  i s  often 
suff ic ient  t o  use a constant value for  1-1, since i t  will change only 
s l igh t ly  w i t h  varying temperature and density. 
magnetic permeability of a l i q u i d  which couples the liquid direct ly  t o  
a s t a t i c  magnetic f i e l d  and, w i t h  the electr ical  conductivity, helps 
couple l iquid and f i e ld  when motion i s  involved. 

This means that  equation 43 holds 
Equation 43 i n  turn 

This would n o t  be possible i f  B were not  a l inear  

In any event, i t  i s  the 
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2 . 2  FIELD EFFECTS ON CONVECTION 

To understand the e f fec t  external f ie lds  have on convection, one must 
f i r s t  understand the general theory o f  f lu id  flow, which i s  derived from 
Kinetic Theory (Reference 14) .  The f i r s t  step i s  the derivation of the 
Bo1 tzmann t r anspor t  equation which i s  a ngnljnear integro-differential  
equation for  the dis t r ibut ion function f ( r ,  u ,  t) .  f i s  defined so that  

+ +  f ( r ,u , t> d3r d3u 

i s  the number of molecules a t  time t whic) have positions lying within 
a volume element dqr i n  the region about r and w i t h i n  a velocity-space 
element d3u about u. 
port equation poses a tremendous mathematical problem. However , by 
combining approximations to  the transport equation with the conserva- 
tion theorems for  mass, momentum and energy, the equations of viscous 
f lu id  dynamics may be derived. 
Navier-Stokes and temperature equations and are usually combined w i t h  
an equation of s t a t e  which provides an independent relationship between 
temperature , pressure and density . 

Needless to say, solution of the Boltzmann trans- 

These are  commonly called the continuity, 

I t  should be noted here tha t  density, rather than specif ic  volume, i s  
customarily used i n  discussing f lu id  flow problems. 
are re1 ated by: 

These variables 

where N i s  the total  number of molecules and V i s  the total  volume of 
the system. 
from the mass density, p , and m is the molecular mass. 

n i s  sometimes called the number density t o  distinguish i t  

Bo1 tzmann transport theory and the f lu id  dynamics equations derived from 
i t  m i g h t  be considered as an additional model t o  those in Section 2.1.  
Or they might be considered an a l ternate  approach to  the problem of 
f ie ld  effects  on l iquids i n  the sense tha t  f luid dynamics i s  quite 
different  from the models i n  Section 2.1. In th i s  sense, transport 
theory may be considered as part of Task 2 of the contract, which was 
to  "determi ne a1 ternate approach (es) as required. " 

The Equations of Magnetohydrodynamics 

If a l iquid is  placed i n  a magnetic f i e l d ,  the theory which describes the 
1 iquid-field system i s  called magnetohydrodynamics (MHD) .  
t ion of such a system, one adds to the four f luid dynamics equations 
discussed above (modified t o  include magnetic forces) a f i f t h  equation 
which governs the behavior of the f i e ld  i n  the region of the l iquid.  
The f ive simultaneous MHD equations are then: 

For the descrip- 
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2.2 (Continued) 

(45) 

(46) 

(47 1 

A3n3 + A5n5 (48 1 

an + -+ - + v - n u  = 0 a t  CONTINUITY: 

NAVIER-STOKES: p ( & + + - +  U - V )  -f u = FT-?( P - ?.GI+ n V 2 G  

( + ;a?) T = -cv(v-u)  1 + - +  T + av2T + n@q TEMPERATURE: 

p = - -  nkT  
1 -von STATE : 

FIELD: (49) 

+ 
where: u i s  the velocity of a small l iquid volume element, 

-f 

fT i s  the total  body force (force per unit  volume) due t o  
external fie1 d s  , 

P i s  pressure 

q 

T i s  absolute temperature 

d ne sec i s  viscosity i n  poise (1 poise = I O  + 
cv i s  specif ic  heat a t  constant volume 

K cx i s  thermal diffusivi ty  a = - 
P C V  

n@n i s  a viscous heat dissipation term 
1 

vo = rRo3 vo is the hard-sphere volume of a molecule 
1 

v is  magnetic d i f fus iv i ty  v = - 
PO 

R, i s  magnetic Reynolds number ( R m  = L u w )  . 

A, and A, a re  constants related to  the Free Volume model parameters 
(Section 2.1) by: 

2 4 

A 3 = 8 ~ ( ~ )  3a bo A5 = l 6 i (  'i:) 
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2 . 2  (Continued) 

Thus, the models discussed i n  Section 2.1 enter the MHD equations a t  
three points. Of course equation 48 comes from the Free Volume Model 
( i t  should be replaced by the equation of s t a t e  from the Guggenheim 
model , when dealing w i t h  two-component 1 iquids) . The magnetic 
permeability occurs in both v and Rm i n  the f i e ld  equation (49) ,  and 
also contributes t o  the external force term, fTy i n  the Navier-Stokes 
equation. T h i s  body force term will now be discussed i n  some de ta i l .  

Explicit Terms and Approximations 

In the case of i n t e re s t ,  i . e : ,  a l iquid under the influence of both 
gravitational and magnetic f i e l d s ,  the force term can be considered 
the sum of three component terms: 

-+ + -+ 
GRAV I TAT I ONAL : f l  = p g  = - Vp$ 

+ H 2  G ~ J  + ( H2p$) 
STATIC MAGNETIC: f 2  = - 7 

-+ -+ -+ 
MAGNETODYNAMIC: f ,  = J* x B (53) 

-f 

f i s  obviously proportional to the local gravitational acceleration , 
which can be expressed as the gradient of a potential function, $ (or 
of P $  where density gradients are  small). 
body force which i s  applied to the l iquid when the f i e ld  i s  constant in 
time and when the l iquid i s  a t  r e s t .  
the derivatives of 1-1 can be considered to  be derivatives of the suscep- 
t i b i l i t y ,  x . 
order of ~ 1 8 - ~  and the derivatives of xm are  correspondingly small. SO 
t o  a good approximation we have: 

The s t a t i c  term, ?,, is the 

Since 1-1 has the form of equation 42, 

For paramagnetic (or  diamagnetic) l i q u i d s ,  xm i s  on the 

-+ 
f2 0 (54) 

The magnetodynami c term real ly appl ies  t o  two different  cases depending 
on whether the magnetic f i e ld  i s  constant in time or  not. For the case 
of a s t a t i c  f i e ld  w i t h  convection i n  the l i q u i d ,  Maxwell’s fourth 
equation s t a t e s :  

+ + +  
J = v x H  
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2.2 ( Con t i  nued ) 

Therefore equation 53 becomes : 

by applying a vector ident i ty  (Reference 15). 
en t i r e  external body force term as:  

We can now write the 

In  simple geometries, such as those i n  which H i  i s  not a function o f  x i ,  
the f i r s t  term of 57 vanishes. 
gravitational and magnetic forces. The result ing expression: 

This allows a c lear  comparison of the 

says tha t  pq, which can be called a gravity-induced pressure, and 1-' H 2 ,  
which i s  a magnetic pressure, are  completely equivalent i n  a forma? sense. 
That i s ,  magnetic f ie lds  produce body forces the same as gravity. This 
means that  i f  the magnetic f i e ld  can be controlled so t h a t :  

then the external body force can be minimized. 
i n  equation 46 can also be interpreted as a body force, and the magnetic 
f i e ld  can be used to  balance this force as well. 
l iquid i s  i n  a low-gravity orbit ing laboratory, and a net body force i s  
desired, a magnetic f i e ld  may be used to  replace gravity by equation 58. 

Of course, for  a rigorous numerical solution of MHD problems, one must 
solve equations 45-49 simultaneously for  the density, temperature and 
velocity dis t r ibut ions and for the equi 1 i b r i  um pressure and magneti c 
f ie ld  values subject t o  the boundary conditions of the specif ic  problem. 
However, the equations of s t a t e  and continuity are  basically constraint  
equations ( i f  pressure i s  approximately constant). 
information about f luid flow patterns , temperature dis t r ibut ions and 
magnetic field behavior can be obtained from the remaining equations i f  
i t  i s  assumed tha t  a l l  other quantit ies in the respective equations 
(46, 47,  49) are  known. 
graphs. 

The pressure gradient 

Conversely, i f  the 

Therefore , qual i ta t ive 

T h i s  will be attempted i n  the following para- 
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2 . 2  (Continued) 

Magnetic Field Representations 

Before considering how magnetic f ie lds  a f fec t  l iquids i n  more de t a i l ,  i t  
will be helpful t o  digress into how laboratory magnetic f ie lds  are 
represented mathematical ly . 

-M +M 

FIGURE 1 :  MAGNET GEOMETRY 

Figure 1 depicts the two pole faces of a laboratory electromagnet, 
equation for  the magnetic induction between the faces (before a sample 
i s  introduced) i s :  

The 

The general solution i n  cylindrical geometry is: 

B ~ - k k o  - ' C I (ikr) eikz 

where k and Ck are constants determined by the boundary conditions, r i s  
the radial distance from the central axis ,  and Io i s  the zeroth order 
Bessel function. 

I f  the magnetic surface charge, M ,  i s  now calculated from the currents 
in the pole faces: 
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2.2 (Continued) 

equation 61 may be expressed as an expansion in e i ther  r or  z (Reference 
1 6 ) :  

= 4nM[F0 + F 2 ( Z / d I 2  + F4(Z/d)4  + . . .], Z2 < d2 BZ 

BZ = 4nM[Fo - 1 / 2 F 2 ( r / d ) 2  + 3/8F4(r/d)4 - . . ] ,r  < d 

where the coefficients F2i are: 

Fo = 1 - coseo 

F~ = 3/2(cos3eo - cos5eo) 

F4 = -5/8(3cos5e0 - 10cos7eo +  COS^^,) 

The expl ic i t  dependence of 6, on r and z shown here allows the calculation 
of vector derivatives of the f i e ld  (on which the forces depend) i f  one 
recal ls  t h a t  6, = ~ H z .  

Magneti c Di f fusi  on 

Equation 49, which i s  derived in Appendix A, re lates  the spatial  dependence 
of the magnetic f i e ld  in a moving f luid to  the time dependence of the f i e ld .  
Problems involving dense liquids can be greatly simplified by considering 
the magnetic Reynolds number in th i s  case, where, from equation A-8: 

For typical groupII1-groupV elements, the properties p and IJ have the 
following orders o f  magnitude: 

If  the experimental liquid sample has dimensions on the order of 10 cm 
and natural convection i n  the l iquid produces a velocity on the order of 
10-1 cm/sec, we have: 
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2.2 (Continued) 

Rm = (1 Ocm) ( 1 O'lcm/sec) ( 1 O'*nsec/cm) ( 1 0 3 v 1  cm' l )  = 1 O m 5 .  (64)  

Since Rm i s  so small, the second term on the r ight  hand side of equation 
49 can be neglected. This equation then becomes: 

which i s  a simple diffusion equation for  the way the f i e l d  penetrates 
the l iquid.  The time constant for  t h i s  penetration will be: 

Using the previously assumed values, t h i s  i s :  

T = 10'3sec = 1 msec. 

Thus for  s t a t i c  f ie lds  or for osci l la t ing f ie lds  w i t h  frequencies o f  
less  than lo3 Hz there will be negligible screening of the f i e ld .  
ever, for  higher frequency f i e lds ,  fo r  instance RF f ie lds  a t  lo6 Hz, the 
f ie lds  will be screened with a penetration or "skin depth" o f :  

How- 

For the above values of u and 0, RF f i e lds  have a skin depth on the order 
of 0.4 cm. This i s  the region in which eddy currents will be of greatest  
magnitude for  such f ie lds .  

Eddy Currents 

The screening, or exclusion, of external magnetic f ie lds  in a conducting 
medium i s  accomplished by the e l ec t r i c  currents f lowing  i n  the region 
of the medium ( l iquid)  defined by the s k i n  depth. 
i n  a cylindrical container placed i n  a transverse magnetic f i e l d  (see 
Figure 2 ) ,  there will be no ordinary current flow, since the liquid i s  

For a conducting liquid 
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2 . 2  (Continued) 

n o t  p a r t  o f  an e l e c t r i c  c i r c u i t .  
i n  t ime w i t h  a frequency W ,  eddy c u r r e n t s  w i l l  be induced which i n  t u r n  
w i l l  g i v e  r i s e  t o  a magnetodynamic body fo rce :  

However, i f  t h e  magnetic f i e l d  changes 

Here Se* i s  t h e  complex conjugate o f  t he  induced eddy cu r ren t ,  Je. 

z 
I 

r 

I 

FIGURE 2: LIQUID CONTAINER-MAGNET GEOMETRY 

Eddy cu r ren ts  a re  determined i n  t h e  f o l l o w i n g  manner. 
Faraday's law, a changing magnetic f i e l d  gives r i s e  t o  an induced e l e c t r o -  
mot ive force,  Ee, which i s  r e l a t e d  t o  the f i e l d  and the  eddy c u r r e n t  by: 

According t o  

This s t a t e s  t h a t  t h e  l i n e  i n t e g r a l  o f  t h e  c u r r e n t  around i t s  c i r c u i t  
loop i s  equal t o  t h e  sur face i n t e g r a l  o f  t he  r a t e  o f  magnetic f l u x  change 
through the  sur face enclosed by the  loop. 
Ohm's law: 

Equat ion 68 a l s o  assumes t h a t  
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i s  valid for the liquid material under consideration. The eddy current 
must also of course sa t i s fy  Maxwell's fourth equation which i s  repeated 
here : 

3, = $ x i t i  . (55) 

From these four equations (53, 68, 69 and 55),  the shape and direction 
of the eddy current loops and the l iquid flow patterns they cause will 
now be deduced. 

F i r s t  of a l l ,  for the geometry assumed in Figure 2 ,  the magnetic f i e ld  
will have the form: 

iwt fi = [Hr(r,B,Z) + He(r,B,z) 6 1  e 

which yields ,  from equation 55, the current expression: 

Equation 71 indicates that  i n  the geometry of the l iquid,  the currents 
will have no simple symmetry. B u t  from equation 68, we know that  the 
current loops will l i e  in planes normal to  the f i e l d  direction (see 
Figure 3) .  Note tha t  the direction of current flow will reverse when 
the osci l la t ing f i e l d  reverses i t s  direction. O f  course, the currents 
are  much stronger i n  the skin depth region than they are outside this 
region, i . e . ,  f o r  r < (rm-6) there i s  practically no current. 
the exception of those small loops which f i t  ent i re ly  i n  the skin depth 
region and are  nearest the pole faces, the current i s  strongest in the 
+z directions . 

Thus, with 

FIGURE 3: EDDY CURRENT LOOPS 
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The +z components of the eddy current loops, then, produce the largest  
body forces. In the absence of a l l  other external forces,  equation 53 
t e l l s  us tha t  these eddy current-produced body forces will cause liquid 
flow patterns to be set up in the r-8 planes over the length of the 
liquid cylinder. I t  should be noted tha t  the body forces produced by 
eddy currents are independent of time since the imaginary ex onential 

means physically that  the f i e ld  and current o sc i l l a t e  in phase t o  give 
a constant force. 

time dependence vanishes upon performing the operation 3* x E . T h i s  

Before determining l iquid flow patterns,  we f i r s t  need to  know what the 
skin depth configuration i s .  From the surface integral in equation 68, 
i t  i s  obvio s that  the net magnetic flux inducing the eddy currents is  
3 - d z  = 8 ?ds = Bds cose, since ? i s  the u n i t  vector normal to  
the cylindrical surface. The greatest  contribution t o  the integral will 
then be near e=O, tha t  i s ,  in the direction parallel  t o  the f i e ld ,  while 
the contribution will f a l l  off toward the direction transverse to  the 
f i e ld ,  e = x / Z .  T h u s  the skin depth region will assume the shape shown 
i n  Figure 4 where the l iquid cylinder i s  viewed from the top. 

e = ~ / 2  

I 

FIGURE 4: SKIN DEPTH CONFIGURATION AND, LIQUID 
FLOW PATTERNS 

From the current and f i e ld  directions shown in Figure 3 ,  equation 53 i n d i -  
cates the force (and therefore the l iquid flow i f  no other forces are  pre- 
sent)  direction t o  be perpendicular t o  a and lying i n  the r-e plane. 
the force will be most intense i n  the skin depth region, the net e f fec t  

Since 
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i s  t o  produce a f l o w  going from t h e  e = +n/2 poles toward t h e  e=O o r   TI 
po in ts ,  thus y i e l d i n g  t h e  pa t te rns  i l l u s t r a t e d  i n  F igu re  4. These 
pa t te rns  a re  repeated i n  each r - e  p lane o f  the  l i q u i d  c y l i n d e r .  

I n  phys ica l  s i t u a t i o n s ,  t h e r e  are  always fo rces  o t h e r  than magnetodynamic 
fo rces  present .  S p e c i f i c a l l y ,  i n  a g r a v i t a t i o n a l  f i e l d ,  buoyancy-driven 
n a t u r a l  convect ion cu r ren ts  w i l l  be f l ow ing .  Whatever t h e  shape o f  t h e  
convect ion f l o w  pat te rns ,  they w i l l  have a l a r g e  +z component which w i l l  
be d i s rup ted  by t h e  eddy current-produced f l o w  descr ibed above. 
a d d i t i o n  t o  break ing up convect ive f low,  eddy cu r ren ts  produce heat ing  
i n  the r e g i o n  they i n h a b i t  w i t h  t h e  heat ing  r a t e  having the  p r o p o r t i o n a l i t y :  

I n  

where F l ( rm /&)  i s  a f unc t i on  which depends on t h e  geometry o t  t h e  System 
(Reference 18). 
which has an e f f e c t  t o  be discussed i n  Sect ion 2.3 .  

This  heat ing  produces a temperature r i s e  i n  t h e  l i q u i d  

Magnetic V i s c o s i t y  

By us ing  equat ions A-3 and A-4 from Appendix A, i t  can be shown t h a t :  

where Fft and ;’t a re  t h e  e l e c t r i c  and v e l o c i t y  f i e l d  components t ransverse 
t o  the magnetic f i e l d .  The Navier-Stokes equat ion (461 can be w r i t t e n  as: 

-+ 

P d t  dut = Et + p a ( f t  x - pH2ct)  ( 7 4 )  

where dG/dt i s  t h e  t o t a l  t ime d e r i v a t i v e  o f  v e l o c i t y ,  and 

I n  l i q u i d s  i t  i s  poss ib le  f o r  ? t o  be smal l ,  and when eddy cu r ren ts  a r e  
t h e  l a r g e s t  cu r ren ts  present,  E t  w i l l  be n e g l i g i b l e .  
d i t i o n s ,  i n d u c t i o n  drag w i l l  cause t h e  mot ion across t h e  f i e l d  l i n e s  t o  
decay w i t h  a t ime constant :  

Under these con- 

For a system o f  dens i t y  5 gm/cm3 w i t h  o = l o 3  iT1cm-l and B = l o 3  gauss, 
t h e  t ime constant  i s  on t h e  o rde r  o f  f i v e  seconds. Th is  drag can be 
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2.2 (Continued) 

i n t e r p r e t e d  as being due t o  a magnetic v i s c o s i t y  w i t h  an e f f e c t i v e  f o r c e  
comparable to :  

Fm = op2H2u . (77) 

'm = op2H2L2 = oB2L2 (78) 

This  corresponds t o  an e f f e c t i v e  magnetic v i s c o s i t y :  

which, f o r  our  example CT, L and B i s  roughly  one poise.  
t h e  v i s c o s i t y  o f  mercury i s  
temperature i s  l o 6  po i se  (Reference 2 ) .  
as : 

F o r  comparison, 
po i se  w h i l e  molten g lass a t  i t s  working 

The Hartmann number i s  de f i ned  

and i s  t he  parameter used t o  determine t h e  importance o f  magnetic v i s -  
c o s i t y  which dominates f o r  h > 1. 

For the  case i g  which tt i s  n o t  n e g l i g i b l e ,  t he  l i n e s  o f  f o r c e  (always 
t ransverse t o  H) w i l l  be f rozen  i n t o  t h e  l i q u i d  and S a r r i e d  along w i t h  
it. I f  the v e l o c i t y  o f  these f o r c e  l i n e s  i s  c a l l e d  w, we have f o r  t he  
c u r r e n t  i n  the  moving system: 

3 = a ( Z t  + 1-1 c; x R)  
-+ 

+ E t  x R 
l lHZ 

so t h a t :  w = 

This  i s  t he  so -ca l l ed  "E cross B d r i f t "  which, when s u b s t i t u t e d  i n t o  
equat ion 74,shows t h a t  I f  c 2 0, t h e  l i q u i d  mot ion approaches i n  a t ime 
T a v e l o c i t y  such t h a t  u t  = w. Hence t h e  t ransverse mot ion i s  s t i l l  
destroyed unless UT/L >> 1. 

I f  ? i s  n o t  negl ig ib le ,+then r e l a t i v e  t ransverse mot ion i s  n o t  destroyed 
b u t  approaches a va lue u t  such t h a t :  

(81 1 + -+ 
ct = rsp2H2 (G t  - W )  

The f o r c e  1 tends t o  push t h e  l i n e s  o f  f o r c e  pas t  t h e  f i e 1 2  l i n e s  a t  such 

i s  always adjustment o f  the l i q u i d  mot ion ( i n  a very s h o r t  t ime)  i n  such a 
way as t o  produce a balance o f  t he  v iscous fo rces !  
s teady-state Newtonian-type f l o w  ( a f t e r  t ime t > T )  w i t h :  

a v e l o c i t y  I h a t  the  induced drag ( v i s c o s i t y )  j u s t  balances c .  Thus the re  

The r e s u l t  i s  a 

2-23 



D5-17254 

2 . 2  ( Con t i nued) 

’ +  * ;)It t n(V2;), = G P ’ H ~ ( ; ~  - -+ W )  . (82) [-? (pqJ + P - { r l / 3 f V  

Recap i tu la t i on  

The p o i n t  of these d iscuss ions of magnetic d i f f u s i o n ,  eddy cu r ren ts  and 
magnetic v i s c o s i t y  i s  t o  p rov ide  a t h e o r e t i c a l  exp lanat ion  o f  the  e f f e c t s  
which magnetic f i e l d s  havs on dense l i q u i d s  and how they r e l a t e  40 t h z  
i n t e r n a l  d r i v i n g  force,  - v P ,  and t h e  g r a v i t a t i o n a l  body force,  pg = - v P + .  
It i s  t o  be remembered t h a t  t h e  major  e f fec ts  i n  counterac t ing  g r a v i t y -  
induced convect ion are:  

( 1 )  eddy-current produced body fo rces  which tend t o  d i s r u p t  convect ion 
f lows,  and 

( 2 )  a magnetic v i s c o s i t y  (equat ion 78) which increases viscous drag 
throughout the l i q u i d  and r a p i d l y  decays+all  mot ion t ransverse t o  
t h e  f i e l d  l i n e s  f o r  s i t u a t i o n s  i n  which c and E t  a re  smal l .  
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2 . 3  (Continued) 

2 . 3  FIELD EFFECTS ON DIFFUSION AND SOLIDIFICATION RATE 

D i  ffusi  on Coeff i ci ent Increase 

There are many liquid s t a t e  models which derive expressions for  diffusion 
coefficients from f i r s t  principles (References 2 and 1 9 ) .  
diffusion coefficient models f a l l  i n t o  three categories, and these are  the 
ones which are  relevant t o  the present study. The f i r s t  category contains 
the Free Volume Model i n  which the diffusion coefficient i s  primarily a 
function of f ree  volume: 

The major 

6 U  -YV*/Vf D = - ( Y V *  + V ) e 3Y f 

where as before 6 in t h i s  expression i s  the r a t i o  of molecular mean-free- 
p a t h  to  the "instantaneous" f ree  volume. 
models which re la te  diffusion coefficient to  the r a t io  of temperature t o  
viscosity,  as in the Stokes-Einstein model: 

I n  the second category are 

T 
217 D = k  - .  

I n  the third category, represented by Swalin's model (Reference 20), the 
diffusion coefficient i s  a function of T2 only: 

D = k3 T2 . (84) 

Based on the findings of Section 2 . 2 ,  i t  i s  easy to  derive the e f fec t  
magnetic f ie lds  have on the diffusion coefficients in these l a s t  two 
categories. In Section 2.2 i t  was shown that  both the temperature and 
viscosity of a conducting or semi-conducting l iquid will increase when 
a magnetic f i e l d  i s  applied. The resu l t  fo r  the Swalin model i s  
t r i v i a l .  
i t  i s  obvious from equation 84 tha t  D' > D. 

If D' i s  the diffusion coefficient in changed f i e ld  conditions, 

Things are  not as simple with the Stokes-Einstein type models, however. 
In th i s  case, the field-induced diffusion coefficient may be written: 

where AT and A Q  are  the field-induced terms. Therefore we have: 

D '  - 1 + AT/T 
T i  -1- 
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Hence i f  nT/T > n n / n ,  D '  will be eater t h a n  D. Howeve , i t  i s  n o t  obvious 
that  t h i s  i s  always the case, 
Hartmann number, b u t  t o  date, no straightforward way of calculating nT/T  
has been devel oped, 

Of-course, n n / n  i s  simply the square of the 

Now consider the Free Volume Model. Here we have: 

( 8 7 )  

and a l i t t l e  observation shows that  D '  i s  greater t h a n  D i f  one assumes 
t h a t  application of a magnetic f i e ld  causes an increase in f ree  volume. 
This will presently be shown t o  indeed be the case. A t  any ra te ,  b o t h  
the Free Volume Model and Swalin's model indicate that  magnetic f ie lds  
def ini te ly  increase the diffusion coefficient,  and  i t  i s  l ikely that  
Stokes-Einstein type models agree with th i s  resul t  for  a t  l eas t  some 
classes of liquids. Henceforth, we will be concerned exclusively with 
the Free Volume Model, since the volume change mechanism a1 lows us t o  
compare magnetic and  low gravity effects  most direct ly .  

Volume Changes Due to  Magnetic Fields and Low Gravity 

Let us begin by considering magnetic f i e ld  e f fec ts .  
two ways t o  approach th i s  problem, the f i r s t  being through the theory 
o f  magnetostriction (Reference 2 1 ) .  
d i f ferent  components of magnetostrictive volume change occuring over 
different  ranges of f i e ld  strength (see Figure 5 ) .  The simplest of 
these components, and the one occuring a t  lowest values of H ,  i s  called 
the form effect .  I n  the form effect  the fractional volume change i s  
given by: 

As usual, there are 

This theory ident i f ies  three 

AV 
V 
- 

H 

FIGURE 5: MAGNETOSTRICTION EFFECTS 
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where 

(Continued) 

N i s  a demagnetizing factor  
x, i s  magnetic suscept ibi l i ty  
c i s  the bulk modulus of e l a s t i c i ty ,  and 
H i s  the f i e l d  strength. 

Although the other components are more complicated, i t  i s  obvious from the 
figure tha t  *V/V i s  always positive and generally increases w i t h  increas- 
ing H. 

The next approach to  the problem of magnetic field-induced volume change 
i s  through the definit ion of isothermal Compressibility, equation 72. 
Rewriting th i s  equation in terms of f i n i t e  volume and pressure differences, 
we have : 

AV 
V T  (-) = - B A P  

where 13 i s  the isothermal compressibility coefficient.  I t  will be re- 
called tha t  magnetic pressure was discussed in Section 2.2. 
in magnetic pressure for  the s i tuat ion of in te res t  here may be expressed 
as (Reference 22):  

The change 

where H i s  the i n i t i a l  f i e ld  strength before the liquid was placed in 
the fieyd, and H i s  the resulting steady-state of f i e ld  a f t e r  the liquid 
i s  placed in the f i e ld .  T h u s :  

which is  always positive for  H L Ho. 
currents or  viscous flow are balanced so that  the e l ec t r i c  currents in 
the liquid are  negligible. 

T h i s  will occur i n  cases where eddy 

Now we consider the volume change resulting from removing a l iquid quan- 
t i t y  from the ea r th ' s  surface and placing i t  i n  a region of low gravity. 
Once again we will use the compressibility equation, b u t  f i r s t  the 
pressure change must be found. 
with a crystal being pulled from i t .  
i n i t i a l l y  on the ear th ' s  surface. 

Figure 6 depicts a container of l i q u i d  
The crystal-melt system i s  

2-27 



2.3 (Continued) 

FIGURE 6: CRYSTAL-MELT ARRANGEMENT 

I f  the  e q u i l i b r i u m  pressure a t  t he  sur face i s  P s ,  t he  pressure a t  a p o i n t  
a d is tance z below the  sur face i s  g iven by (Reference 23) :  

P, E = Ps + pgz . 

I f  t h e  l i q u i d  i s  now taken i n t o  space where t h e r e  i s  no g r a v i t a t i o n a l  con- 
t r i b u t i o n ,  t h e  d i f f e r e n c e  i n  pressure a t  t he  example p o i n t  w i l l  be: 

nP = P; - P, E = P, - (Ps i- pgz) = -Pgz - (93)  

Therefore, from equat ion 89: 

Since a l l  terms i n  equat ion (94) a r e  p o s i t i v e ,  i t  i s  ev iden t  t h a t  a 
decrease i n  h y d r o s t a t i c  pressure produces an increase i n  the  volume o f  
t he  l i q u i d .  This general r e s u l t  i s  o f  course conf i rmed by everyday 
experience w i t h  f l u i d s  a t  pressures above one atmosphere, and should be 
expected t o  apply  between zero and one atmosphere as w e l l .  One must be 
c a r e f u l ,  however, t o  i n t e r p r e t  t h e  f a c t o r  g i n  equat ion (94)  as t h e  
d i f f e r e n c e  between t h e  a c c e l e r a t i o n  due t o  g r a v i t y  a t  t he  e a r t h ' s  surface, 
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and the a c c e l e r a t i o n  l e v e l  i n  the  space l a b o r a t o r y .  Th is  i s  due t o  the  
d i f f i c u l t y  i n  o b t a i n i n g  a b s o l u t e l y  a c c e l e r a t i o n - f r e e  environments even 
i n  an o r b i t i n g  l abo ra to ry .  But  s ince  a c c e l e r a t i o n  l e v e l s  a r e  commonly 
on the order  o f  10-3g t o  10"5g i n  o r b i t i n g  spacecraf t ,  t a k i n g  g t o  be t h e  
same as t h e  e a r t h  sur face g r a v i t a t i o n a l  a c c e l e r a t i o n  i s  a good approx i -  
ma t i  on. 

Thus the  a p p l i c a t i o n  o f  a magnetic f i e l d  o r  t he  removal o f  a g r a v i t a t i o n a l  
( a c c e l e r a t i o n )  f i e l d  w i l l  cause a p o s i t i v e  increase i n  l i q u i d  volume, 
A V .  
t h i s  volume increase i s  t h e  same as an increase i n  t h e  t o t a l  f r e e  volume, 
A(Nvf). 
low g r a v i t y  cond i t i ons  w i l l  cause an increase i n  d i f f u s i o n  c o e f f i c i e n t ,  
i . e . ,  D '  > D. 

From the  d e f i n i t i o n  o f  f r e e  volume (equat ion 13) i t  i s  obvious t h a t  

Therefore, according t o ,  equat ion (87), both magnetic f i e l d s  and 

S o l i d i f i c a t i o n  Rate Dependence on D i f f u s i o n  and Free Energy 

I n  the Free Volume Model, t h e  c r y s t a l  growth v e l o c i t y  o r  s o l i d i f i c a t i o n  
r a t e  o f  a c r y s t a l  growing from an undercooled m e l t  (Reference 2) i s  g iven 
by equat ion 28 which i s  repeated here: 

For f i x e d  fo and R , the  now es tab l i shed  f a c t  t h a t  D increases i n  a 
magnetic f i e l d  o r  ?ow g r a v i t y  cond i t i ons  would i n d i c a t e  a corresponding 
increase i n  Uc i f  i t  can be shown t h a t  t h e  exponent ia l  term decreases. 

For the  magnetic case i t  has a l ready been shown t h a t  T '  > T. The f r e e  
energy change i s  (Reference 24): 

where c '  i s  a constant.  Since c ' ,  T and H2 are  p o s i t i v e ,  A G '  < AG so t h a t :  

AG'/kT' < e nG/ kT e 

Under low g r a v i t y  cond i t i ons ,  t h e r e  i s no g r a v i t y  f i e 1  d-dependent change 
i n  temperature t o  consider,  o n l y  t h e  change i n  f r e e  energy. This  i s :  

AG' = AG t AVAP = AG - BV(AP)2 ( 9 6 )  
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2.3 (Continued) 

where V i s  t he  volume a t  t h e  e a r t h ' s  surface. 
w e l l  as 6 and V, obv ious ly :  

Since ( A P ) ~  i s  p o s i t i v e  as 

AG/ kT 
< e  

AG'/kT AG' < AG + e 

f o r  t he  g r a v i t a t i o n a l  f i e l d  case. 

Hence the  s o l i d i f i c a t i o n  r a t e ,  Uc, i s  increased by both the  a p p l i c a t i o n  o f  
a magnetic f i e l d  and by processing i n  a zero g r a v i t y  f i e l d  region. 
i s  a p u r e l y  formal and q u a l i t a t i v e  r e s u l t ,  and a t r u e  comparison o f  
s o l i d i f i c a t i o n  i n  space and s o l i d i f i c a t i o n  i n  magnetic f i e l d s  must w a i t  
u n t i l  t h e  parameters r e q u i r e d  by equat ions 28, 87, 88, 91 and 95 can be 
obtained. However, i t  should be noted t h a t  a magnetic f i e l d - i n d u c e d  
increase i n  c r y s t a l  growth r a t e  has a l ready been observed i n  the 
l a b o r a t o r y  (Reference 25).  
p lace emphasis on t h e  q u a n t i t a t i v e  comparison o f  s o l i d i f i c a t i o n  i n  space 
and s o l i d i f i c a t i o n  i n  the presence o f  magnetic f i e l d s ,  and on the com- 
pa r i son  o f  t h e  increased growth r a t e  p r e d i c t e d  by equat ion 28 and t h a t  
observed by Schieber (Reference 25). 

This 

It i s  recommended t h a t  f u r t h e r  research 
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APPENDIX A 
DERIVATION OF THE MAGNETIC FIELD EQUATION (49) 

The l a s t  two o f  Maxwel l 's  equat ions o f  e lectrodynamics s t a t e  t h a t :  

and Ohm's law f o r  t h e  case o f  a moving conduct ing l i q u i d  i s :  

O t '  = 3 (A-3) 

where o i s  t h e  e l e c t r i c a l  c o n d u c t ' v i t y ,  t h e  f i e l d  i s  referenced t o  the  

l i q u i d .  
u, we have: 

" f i x e d "  frame o f  an observer and i I i s  t h e  e l e c t r i c  f i e l d  moving w i t h  t h e  
Thus f o r  a l i q u i d  o f  p e r m e a b i l i t y  1-1 and moving w i t h  v e l o c i t y  

E' = t + l l i i x i .  (A-4) 

Combining equat ions A-2, A-3 and A-4 y i e l d s :  

(A-5) 

or,+substi$uti$g f rom A-1 and app ly ing  t h e  v e c t o r  i d e n t i t y  $ x ? x fl = 
-v2H when v H = 0 (as i s  t he  case i n  electromagnetism), we f i n d  t h a t :  

2- VZi? + $ x (G x 8). (A-6) 
a i  - - -  
a t  lla 

If we now d e f i n e  t h e  magnetic d i f f u s i v i t y  t o  be: 

1 v = -  
PO 

(A-7) 

and t h e  magnetic Reynolds number t o  be: 

where L i s  a s h a r a c t e r i s t i c  l e n g t h  f o r  t h e  l i q u i d  system and u i s  the  
magnitude o f  u, equat ion A-6 becomes: 

which i s  equat ion 49. 
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